Abstract: This paper proposes a novel analytical model for flexure-based proportion compliant mechanisms. The displacement and stiffness calculations of such flexure-based compliant mechanisms are formulated based on the principle of virtual work and pseudo rigid body model(PRBM). According to the theory and method, a set of closed-form equations are deduced in this paper, which incorporate the stiffness characteristics of each flexure hinge, together with the other geometric and material properties of the compliant mechanism. Displacement proportion, input stiffness, and output stiffness calculations can simply be performed for any serial compliant mechanism. Corner-filleted and circular flexure hinges that are utilized as connectors in proportion compliant mechanisms in this paper. Two types of flexure-based compliant proportion mechanisms based on the novel analytical model are designed and optimized based on these proposed equations. Finite element analysis results show that these design equations are reliable and easier to be used in the design of such proportion compliant mechanisms. This proposed novel analytical model gives a new viewpoint on the design of flexure-based proportion compliant mechanisms.
INTRODUCTION
In the fields of micro-scale and nano-scale technologies, most of the researchers are focusing on research and development of smaller and higher precision positioning devices, see Acer [2012] , . These devices are utilized in various high precision applications such as automotive, aerospace, telecommunications, medical, biology, optics, and computer industries, see Lobontiu [2003] . The traditional rigid body mechanisms, however, cannot achieve high accuracy requirements because of their several disadvantages, i.e. backlash, stick-slip, noise, and slow response, see Tian [2009a] . To overcome these problems, nowadays, flexure-based compliant mechanisms are more and more utilized in precision manipulations with high performance Yun [2010] . Flexure-based compliant mechanisms have numbers of remarkable advantages compared to traditional rigid body mechanisms, such as part-count reduction, reduced assembly time, simplified manufacturing processes, increased precision, increased reliability, reduced wear, and reduced weight, see Lobontiu [2002] , Howell [2002] . A number of previous researches have been studied on the design and analysis of static modeling of the flexure-based compliant mechanisms. There are some traditional rigidbody mechanisms, such as four-bar mechanisms, crankslider mechanisms, and Scott-Russell mechanisms, which have been transformed into compliant mechanisms. For instance, Hwang [2011] proposed an in-plane XYθ micropositioning stage with piezoelectric actuators based on Taguchi design method. The translational motion parts of the proposed mechanism have functions of motion amplifier(four four-bar compliant mechanisms) as well as motion guide and Scott-Russell linkage mechanism is applied to its rotational motion part. Li [2009] et al. proposed a concept of totally decoupling for design of a flexure parallel micromanipulator with both input and output decoupling. The four-bar mechanisms are utilized in implementing the main functions of the stage. Lobontiu [2003] et al. formulated an analytical method for displacement and stiffness calculations of planner compliant mechanisms with single-axis flexure hinges based on the strain energy and Castigliano's displacement theorem. A flexurebased compliant displacement amplification mechanism is studied according to the proposed analytical method. Tian [2010] et al. described the mechanical design and dynamics of a 3-DOF(degree of freedom) flexure-based parallel mechanism. Acer [2012] et al. designed a 3-PRR flexure based mechanism and investigated its position control. Whereinto, the prismatic ( P ) pair is fulfilled by means of a four-bar linkage. Bhagat [2012] et al. presented experimental analysis of laser interferometry-based closedloop robust motion tracking control for a flexure-based four-bar micro/nano manipulator. Chang [1999 Chang [ , 2005 et al. developed Scott-Russell mechanism and proposed a design of friction-drive rotary stage driven by piezoelectric actuator. et al. developed a group of unique flexure-based parallel mechanisms with/without symmet-rical design based on multi-level displacement amplifier. et al. proposed a novel compliant parallel XY micromotion stage, which formed a symmetric 4-PP fourbar flexure mechanism, driven by piezoelectric actuators. Tian [2009a] et al. presented the methodology for modeling and control of a high precision flexure-based mechanism and investigated the performance of the proposed flexurebased mechanism by experimental testing. Tian [2009b] et al. described the design, fabrication and experimental testing methodologies of a flexure-based five-bar mechanism. Tian [2009c] et al. described design methodology and dynamic modeling for such a piezo-driven flexurebased Scott-Russell mechanism. They also made an experiment to test the functions of the proposed Scott-Russell compliant mechanism in their work. Ouyang [2008] et al. presented a new topology based on a symmetric five-bar structure for displacement amplification and the proposed compliant mechanism amplifier was analyzed and tested. Yun [2011 Yun [ , 2012 et al. established general dynamics and control model of a class of multi-DOF manipulators for active vibration isolation. To summarize the above mechanisms, four-bar mechanisms and crank-slider mechanisms are used in realizing the translational motion in most of current amplifiers/positioners, and the rotational motion is implemented by means of Scott-Russell mechanisms. However, large stroke and high precision position are still the key problems in designing a desired compliant mechanism. Inspired by the above advances and the needs, this paper aims to propose a basic flexure-based compliant mechanism that can produce large-stroke and high precision position with translational input for micro/nano applications. This paper formulates a mathematical model that can be utilized in the design and optimization of the new flexure-based compliant mechanisms. The remaining of this paper is organized as follows. In Section 2, the analytical model is proposed and analyzed. Its stiffness characteristics using PRBM and the principle of virtual work is studied in Section 3. The new flexurebased compliant mechanism is designed based on the analytical model and the proposed stiffness design equation. Finite element analysis method is utilized here to verify the correctness of the analytical model and design equations in Section 4. Finally, the conclusions are drawn in Section 5.
ANALYTICAL MODEL
The analytical model developed here is based on both the principle of virtual work and PRBM that enables formulate the necessary force-displacement relationship for flexure-based compliant mechanisms. By incorporating the stiffness that characterizes the elastic deformation of the single-axis flexure hinges together with the other geometric and material properties, closed-form equations are derived for describing the systems response and enabling design and optimization based on performance qualifiers such as displacement proportion.
Displacement Proportion
The proportion obtained by the classical rotational joint mechanism shown in Fig.1 can be simply considered as two 
(1) where i is the input displacement, r i (i = 1, 2, 3, 4) is the length of link i(i = 1, 4), θ i (i = 1, 4) is the angle made by horizontal axis and the ith link. r 0 is the initial vertical distance between point A and point B.
In Fig.3 , o is output displacement and it can be written as
(2) where r 2 and r 3 are the length of the second link and third link, θ 2 and θ 3 are the intersection angles between horizontal axis and the second link and the third link, respectively. r 5 is the initial horizontal distance between pointA and pointC. The displacement proportion is the ratio of the output o to the input i, and therefore by using Eq.(1) and Eq.(2), the proportion becomes:
If the initial angles θ i0 and angle variable ∆θ 1 are known at first, θ 2 , θ 3 and θ 4 may be expressed by θ 1 and ∆θ 1 . The procedure of calculating these angles is described as follows.
As shown in Fig.3 , this model can be divided into two crank-slide mechanisms. One is the above part consisting of Link 1, Link 4 and slide B as shown in Fig.4 , the other one is the bottom part consisted of Link 2, Link 3 and slider C as shown in Fig.5 . In order to obtain the relationship between output displacement o and input displacement i, the two parts are studied respectively. In part I and part II, the parameters θ 1 and θ 2 are the connections for the two parts. Moreover, θ 2 can be obtained by θ 2 = θ 20 + ∆θ 1 (4) Considering Part II (Fig.5) , θ 3 can be expressed as
where e 2 is the vertical distance between point A and point C, if point C is lower than point A, the symbol in Eq. (5) is positive +; if point C is above point A, the symbol in Eq. (5) is negative −. θ 4 can be obtained in Part I (Fig.4) and written as
Combining Eq. (3), (4), (5),and (6), the relationship between output displacement o and input displacement i can be written in detail as a = r 5 − r 2 cos(θ 20 + ∆θ 1 ) − r 2 3 − (r 2 sin(θ 20 + ∆θ 1 ) ± e 2 ) 2 r 0 − r 1 sin(θ 10 + ∆θ 1 ) − r 2 4 − (e 1 − r 1 cos(θ 10 + ∆θ 1 )) 2
From Eq. (7), we can figure out that the values of r i and θ i influence the ratio of output displacement to input displacement. If amplification displacement is desired in the mechanism, r 5 must be larger than r 0 , and the value of θ 20 must be large but θ 1 must be as small as possible. While the reduction displacement is needed in the mechanism, r 5 must be smaller than r 0 , and the value of θ 20 must be small but θ 1 must be as large as possible.
STIFFNESS CHARACTERISTICS
Flexure hinges are made as the connecting joints in compliant mechanisms. A flexure-based counterpart of the proportion mechanism of Fig.1 is shown in Fig.6 , which utilizes single-axis corner-filleted flexure hinges as joints.
There are ten flexure hinges utilized in the mechanism in order to implement the functions of the mechanism. Two important parameters which qualifies the performance of a compliant mechanism are the input stiffness and output stiffness of the mechanism (Lobontiu [2003] ). Load-displacement relationship is utilized here to describe the stiffness characteristics of the mechanism. The procedure of obtaining the relationship will be based on the principle of virtual work. Pseudo-rigid-body model(PRBM) is one of analysis methods for studying stiffness characteristic and was proposed by Howell [2002] . In this paper, PRBM will be combined with the principle of virtual work to present the static analysis model for the compliant mechanism. Therefore, the PRBM of the mechanism as shown in Fig.6 can be drawn as shown in Fig.7 . Each flexure hinge is transformed into a rigid revolute joint together with a spring. Its stiffness is described in K i (i = 1, 2, 3, ..., 10) as shown in Fig.7 . As mentioned above, this mechanism is symmetrical and the above part is studied in this paper. The total virtual work of the system can be expressed as
where − → F B is the force applied to slide B, which is expressed as
and − → T i (i = 1, 2, 3, ..., 10) is the moment at characteristic flexure hinge i. The virtual displacement,δ − → z B , is found by using the chain rule of differentiation on the displacement vectors and can be written as − → z B = (r 1 cosθ 1 + r 4 cosθ 4 ) i + (r 1 sinθ 1 + r 4 sinθ 4 ) j (10) and δ − → z B = (−r 1 sinθ 1 δθ 1 − r 4 sinθ 4 δθ 4 ) i +(r 1 cosθ 1 δθ 1 + r 4 cosθ 4 δθ 4 ) j
The virtual work due to the torsional spring at joint i may be determined from the moment at the joint, T i . For a pseudo-rigid-body model with a stiffness constant, K i , the value of the moment, is
The Lagrangian coordinates for the joints are 
where 
The total virtual work for this system can be found by Eq.(8) and can be written as
where
The generalized coordinate q = θ 1 is chosen in this paper, Eq.(16) can be simplified as
Applying the principle of virtual work results in 
Solving Eq. (20), the force, F, results in
where Ω 1 = (r 2 r 4 K 3 cosθ 2 sinθ 4 + r 1 r 3 K 2 sinθ 1 cosθ 3 + r 3 r 4 (K 1 + K 2 + K 3 )cosθ 3 sinθ 4 )/ (r 3 r 4 cosθ 3 (r 1 sin(θ 4 − θ 1 ))) Ω 2 = −(r 2 r 4 (K 3 + K 4 )cosθ 2 sinθ 4 + r 3 r 4 K 3 cosθ 3 sinθ 4 )/ (r 3 r 4 cosθ 3 (r 1 sin(θ 4 − θ 1 ))) Ω 3 = −(r 1 r 3 (K 2 + K 5 )sinθ 1 cosθ 3 + r 3 r 4 K 2 cosθ 3 sinθ 4 )/ (r 3 r 4 cosθ 3 (r 1 sin(θ 4 − θ 1 ))) (23)
Input Stiffness
Under the action of the input load F and the corresponding input displacement i, the input stiffness can be formulated by relating the force to the displacement according to Eq.(22) . In the equation, θ 1 can be expressed relating the input displacement as:
Therefore, according to Eqs. (5), (6), (22), (23),and (24), we can obtain a relationship equation between force and input displacement. The input stiffness is calculated by means of that force divided by displacement.
Output Stiffness
The output stiffness can be calculated by the same method as obtaining the input stiffness. Moveover, under the action of the output load F which can be considered as the input load in the analytical model. The corresponding output displacement o can be used in calculating θ 2 as
where if point C is lower than point A, the symbol in Eq. (23) is negative'-'; if point C is above point A, the symbol in Eq. (23) is positive '+'. Therefore, according to Eqs. (5), (6), (22), (23),and (26), we can obtain a relationship equation between force and input displacement. The output stiffness is calculated by means of that force divided by displacement.
A PROPORTION MECHANISM

Mechanical Design
According to the analytical model mentioned above, a proportion mechanism is designed as an example in this paper. This analytical model can be suited for an amplification or a scaled-down mechanism as described in the last section. If a scaled-down mechanism is desired, for instance, a = 0.1, the geometric dimensions of the mechanism can be obtained by optimizing Eq.(7). The optimal procedure of calculating these parameters is described as:
• The design variables are considered as: {X} = {r 1 r 2 r 3 r 4 θ 10 θ 20 e 1 e 2 } (28) It should be noticed that, due to the monolithic construction, two adjacent links of the half-model mechanism of Fig.2 share the displacements at their common node.
• Set the desired proportion a. Let a = 3.5 be as chose as the desired proportion in this paper.
• Optimize the Eq.(7) by using the variables {X}. The commercial available software M AT LAB is used in the paper in order to calculate the parameters.
• Calculate the stiffness{K 1 , K 2 , K 3 , K 4 , K 5 } of each flexure hinge used as joints in the mechanism. Eq. (22) is used in the step in order to obtain the stiffness of flexure hinges. It is worth to mention that the stiffness values of flexure hinges positioned in the symmetric part are the same as its related flexure hinges, i.e.
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Flexure Hinges Design
As we know, the geometric dimensions of the flexure hinges (radius, minimum thickness, width) can be the key parameters on the position of the mechanism. Cornerfilleted flexure hinges and circular flexure hinges are often chosen as joints in flexure-based compliant mechanisms due to their advanced characteristics than the others. Corner-filleted flexure hinges (Fig.8a ) can obtain larger deflections with an identical condition than circular flexure hinges. However, circular flexure hinges (Fig.8b ) own high rotation precision than the other types flexure hinges. Meng [2012] et al. gave the design equations for cornerfilleted flexure hinges and circular flexure hinges based on the known stiffness and the properties of material. The geometric sizes of the flexure hinges are shown in Tab.2 and Tab.3, respectively. Therefore, the models, which are a proportion mechanism with ten corner-filleted flexure hinges and a proportion mechanism with ten circular flexure hinges, are established in SOLID W ORKS and shown in Fig.9 and Fig.10 . Fig. 9 . A proportion mechanism with ten corner-filleted flexure hinges. Fig. 10 . A proportion mechanism with ten circular flexure hinges.
Finite Element Analysis
A comparison has been performed between the displacement proportions of the two designed mechanisms of Figs.9 and 10 separately, by applying Eq. (22) to get the proportion produced by the flexure-based compliant mechanism, and by using the COMSOL finite element software to obtain the displacement proportion of the mechanism. The total mechanism is simulated in the paper in order to obtain more accurate results. The mesh models and the deformation models (the proportion mechanism with four corner-filleted flexure hinges as the instance) are shown in Figs.11 and 12, respectively. Fig.13 shows the comparison results, which explain the relationship between input displacement and output displacement, thereinto, the black line with stars is the desired relationship, the red line with squares shows the Fig. 11 . The mesh of the proportion mechanism with ten corner-filleted flexure hinges. Fig. 12 . Deformation of the proportion mechanism with ten corner-filleted flexure hinges.
input-output displacement relationship of the proportion mechanism with four corner-filleted flexure hinges, and the blue line with triangles shows the input-output displacement relationship of the proportion mechanism with four circular flexure hinges. From this figure, we can see that the errors among the two models are increasing with the increasing output displacements. The reason for producing the error is the nonlinear deformation of the flexible connectors. The figure shows that the maximum error is within 15 percent. When the amplification is less than 4, the output displacement can be obtained accurately.
On the other hand, the input-output displacement relationships of the proportion mechanism with four cornerfilleted flexure hinges and the proportion mechanism with four circular flexure hinges are very close each other. This illustrates that the stiffness of the system can be kept in constant when the stiffness of each connecting flexure hinge is ensured. hinges. The blue one describes the force-displacement relationship of the proportion mechanism with four circular flexure hinges. Both of the lines explain that the output stiffness of the system is unrelated to the shape of connecting flexure hinges. 
CONCLUSION
This paper proposes an approach for analyzing displacement and stiffness characteristics of flexure-based proportion compliant mechanisms based on the principle of virtual work and PRBM. The procedure is generic because it enables incorporation into the model of any types of flexure hinges by means of its corresponding stiffness. Closed-form equations are formulated for displacement proportion, input and output stiffness. Two numerical models are provided for the class of compliant mechanisms that employ corner-filleted and circular flexure hinges. The proposed novel analytical model provides a new opinion on the design of proportion compliant mechanisms. Future research will concentrate on the positioning precision of the proportion mechanisms and solve the influence of elastic deformation during the motion of the system.
